Abstract. In this note, we prove a conjecture proposed by George Beck, which involves gap-free partitions and partitions with distinct parts.
Introduction
A partition of a natural number n is a nonincreasing sequence π = (π 1 , π 2 , . . . , π ℓ ) of positive integers whose sum equals n, i.e., π 1 ≥ π 2 ≥ · · · ≥ π ℓ and π 1 +π 2 +· · ·+π ℓ = n. Furthermore, a partition is called gap-free if we restrict that the difference between each consecutive parts is at most 1. For example, there are five gap-free partitions of 5: 5, 3 + 2, 2 + 2 + 1, 2 + 1 + 1 + 1, and 1 + 1 + 1 + 1 + 1. Let a(n) denote the number of gap-free partitions of n. This sequence is listed as A034296 in the On-Line Encyclopedia of Integer Sequence [5] . To determine the generating function of a(n), we only need the following trivial observation (cf. [2] ):
The conjugates of gap-free partitions are partitions where only the largest part may repeat.
Hence we have
where and in the sequel, we employ the standard q-series notations
Recently, George Beck proposed an interesting conjecture in [5, A034296] :
is also the sum of the smallest parts in the distinct partitions (i.e., partitions with distinct parts) of n with an odd number of parts.
Let b(n) denote the sum of the smallest parts in the distinct partitions of n with an odd number of parts. In this note, we aim to prove Beck's conjecture.
Proof of Theorem 1.2
Let D be the set of distinct partitions. For any π ∈ D, we denote by |π| the sum of the parts of π, by σ(π) the smallest part of π, and by ♯(π) the number of parts of π. Then
One also readily sees that
We first notice that
Also the Euler's first sum [1, Eq. (17.5.4)] tells that
On the other hand, we have
We now need the Heine's first transformation [1, Eq. (17.6.6)]
It follows that
To see the last identity, we consider distinct partitions with largest part ≤ m − 1.
Obviously, its generating function is (−q) m−1 . On the other hand, if we fix the largest part to be n ≥ 1, then it follows that
Together with Eqs. (2.1), (2.2), and (2.3), we conclude that
which coincides with the generating function of a(n). Hence for all n ≥ 1, a(n) = b(n).
Conclusion
In a recent paper [3] , George E. Andrews proved two conjectures of the same flavor (that is, showing some (weighted) partition functions are identical), which are also proposed by George Beck. We also notice the power of the differentiation technique in both our proof of Theorem 1.2 and Andrews' proofs in [3] . Shishuo Fu and Dazhao Tang [4] subsequently generalized Andrews' results and provided a combinatorial proof. It would be interesting to know whether there also exists a combinatorial proof for our Theorem 1.2.
